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EQUATIOK FOR USE IN INTHRNAL BALLISTIC CALCULATIONS

Prepared by:
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ABSTRACT: The solution of the internal ballistice oroblea requires a
knowledge of the equation of state of the propellani gases. Usually

tho Noble-Abel equation of state is used for this purpose’ However,

this equatiop does not account for the intermolecular forces.

A semi-empirical equation of state has been developed which
permitis the solution of the internal ballistics problem and repre-
sente accurately the effects of the intermolecular forces over a wide
range of pressures and densities. Since the semi-eapirical equation
is similar in form to the perfect gas equation, it is as convenient
ir application to interior ballistic calculations.
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This report presents somoc of the results of a theorstical and experi-
mentel study made at the University of Amsterdam and ihe Neval Crdnance
Laboratory with an experimental gun, the "Expension Rate Measuring
Apparatus”, This work was carried out under the sponsorship of the
Office of Naval Research.
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A CONVENIENT AND ACCURATE SEMI.EMPIRICAL ENTROPIC
EQUATION FOR USE IN INTFANAL BALLISTIC CALCULATIONS

I, INTRODUCTION

In order to calcnlate the muzzle velocity of a gun, the issntropic
equation of state of the powde: zsases must be known. For this purpose

the ballisticians universally employ the Nobie-Abel isentroupic
relation,

p v -b)" = constant,

whare b and ¥ are assumed constant during the expansjion and are

the co-volume and mean ratio of specific hoeats of the propellant,
respectively. This equation is based upon the Abel tnermal equation
of ctate, p(v-b) = KT, and the assumption that the specific heat is
constant. Although it is an approximate representation of the
behavior of propellant gases, its use is justified oy the fact that
the approrimation 1s as good as others introduced in the theory of
internal ballistics and taat it is mathematically extremely tractable.
Nevertheless, it would be desirable to have an isentropic equation
which @:ore accurately describes the behavior of the propellant geses
aiid which is convenient for ballistic calculations.,

Such an eatropic relation for a real gas (one in which the inter-
molecular forces are important, in contrast to a perfect or Abel gas
in whicb the intermolecular forces are unimportant) was found by
the proesani author in his study of the rapid expension of compreesed
gases behind a piston. (This study was made at the van der Waals
Laboratorium, Amsterdam, and is dsscribed fully in reference (a))

The entropic relation, which is semi-empirical, and the maunner in
which it was obtained are discussed in this peper.

II, THE EXPERIMENTAL GUN AFPARATUS

The experimental gun apparatus employed in this work was first

~used by Michsls, Slawsky, and Jacobs (reference (b)); it i3 desig-

nated as ERMi (from the initial letter~ of the dsscriptive title
"Expansion Rate Measuring Apparatas”)., The instrument is essentlally
e hollov cylinder, closed at one end and open at the other end.
Inside the constant cross-sectional area cylinder is a movadble giston
or projectile of known maes which is initially restrained from
moveasnt, PEatwesn the pilston enu tho closed erid is contained a
highly compressed gas whose temperaturs and prassure are knowm.
Durinz the operation of the experiment the compressed gas propcle

the pieton from rest out of *he spen end of tke cylinder. From the

-«
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expariment the travsl 2nd time measuremsnte of the pisten couid be
determinsd, Theze :raval.tims data were used to study the dynamic
expansion process in the experimental gun.

1XI. THk BALLISTIC TRFORY

Ths basic assumpticns used to describes the motion in ERMA of the
gas and the projoctile are the following:

(1) The gas motion is one dimensional in space.
(2) Each part of the gas expards isentropically.

(3) The projsctils is propelled by the gas pressurs and opposed
by a fricticnal resistance between the projsctile and the cylinder
wvalls and by the air pressure in front of the projectils.

From these assumptions, hydrodynamic and thermodynamic lavs lead
to the "characteristic equations®., It can be than shown that tvo
types of expansions are possibls. One types is the "non-rasflectton®
case iu whioh the ovehavior of the pislon is the same as would cccur
if the back wall of the chamber were infinitely distent from ths
piston; the second type iz the "reflection"” cass in which the behavior
of the piston 1s influenced by tne presance of the back end of the
chamber. For both casss the entire behavior of the expanding gas and
moving piston can be determined from the characteristic squations,
the real gas equation of state (in the form of an entropic pressure- .
dencity relationship), and from Newton's force law appliad to the
projsctile.

I¥. OBTAINING THE SEMI-EMPIRICAL ENTROPIC EQUATION

As & result of tests performsd witn the experizeniul gun on
nitrogen gas, it vas previously obaerved that ihe vse of =imnlifisd
equatiors of state, such as the perfect gss or ..ocle-il.1 o= equati~me,
yielded unsatisfectory sgreement beiween the oallist”’  ihe~™r anud the
experiment; satlisfactory azreement was only oncaized o+ - *ig isen-
tropic nitrogen aata as datarminesd frcz experiment ' » -1 measuremente
was uzed (see references (a) and (b)).

An attempt was made to obtein an analytic expression relating itha
pressure behind the projectile with the projectile vslocity for the
pon-reflection (i.e., infinite chamber) casa. Therefort, from the
e-9 data of nitrogen, isantropic curves of pisten velocity, u.,
as a function of pressure, p , were obteired for the non-reflection
case., From these curves darived only from nitrogen thermodynamic
date, the posiiion-time celation of the projectils could be obtained
in the isentropic case of uvnopposed projectile from the expressions,

2
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Various relations were attempted to approximate the p-iL curves
(power series, rational fractions, ete.,) without success. Here the
difficulty lay in obtaining an expression which fitted the curves and
yot could be ccaveniently integrated to yield, for exsmple, a relation
between projeciile velocity and barrel length.

It was recalled that the reiation between p and U for a perfect
gas in the non-reflection cese is

28/(% -
p = pa(l - )

where D, is the initial pressure of the sxpansion, ao., is the initial
sound velocity, and ¥ is the ratio of specific heats. In view or
this & simile> expression for the real gas was attempted.

p
- U 2
p = po(l o&,) (2)
ig a a ction of entropy alone and X ,is an initial

perameter of the expansion. Then from the condition that equation (2)
must hold with a constant p along an isentropic p-uW ourve for
initial pressures p,,follows the fact that ok, is equal to ¢p.
yhere & js a function of entropy alome.

This semi-empirical equation satisfies the requiremenus of =
desired analytic expression very well. With the proper values of §
and & it fits the isentropic p-Weurves within tne accuracy with which
theze curves wera oviained (! rert in 50 to 1 part in 500), and it is
extremaly convenient, sinca it s readily intagrated as necessary.

froa equationa (1) and (<, iz expression for projectils iravel as
& function of tims ior an unopposed projectile propelled by an isen-
t.ropic:uly expancing gas in the non-reflection case can be obtained:

A

p-2
| 16 =l
Y — K, U - ml{——a—:%t + i] —IJ(B)
whers P, =Ap,/M, and the initial conditions are X =0, W=0,
p=pe t=0.
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quation (2) can ba written 235 a relaticn between the Riemann
furction o (defined below) and the gas pressure glong an isentrope.

B
p=pl + &) o 20)

d
vhere the Riemann furction O = f° o )S. It is to be noted that
equation (2a) is independent of fno experimentsl Jun; it expresses a
relationship between gas properties.

By use of the definition of O the above expression can be trane-
formed to obtair a relation between pressure and density for isentropes.
The following result is obtained.

(p-2Vp 2
P ('p-'—f)'—‘ 5—(—3:3)-'_-%44)

vhere f 4s a function of entropy alone (as is Po). It is seen that
is the volume occupied by a gas if compressed lsentropically to an
infinite pressure, Equation (4{) is the semi-empiricel eatropic equation.

V. METHOD OF OBTAINING THE CONSTANTS OF THE EQUATION

Each entropy has associated witn it different valuec of 8 , ¢ . and f;
these are dependent only on the antropy and the gas. To obtain these
constants for a given entropy, equation (4) was used with p-¢ isen-
tropic data. At three points on the isentropic [>- P curve corresponding
values of p and @ were obtained. Then by u%uat.ion (4)

p v (p-2)/p ’
b - -_ _L.a(f. O SOU
¥ pr-2V® (p / I (5)
ard .
(g-2Y/$
e — g _ _(ps/D)  —
Ve T p FIE

vbich was solved for @ ; ¢ wes then chtaincd from equation (5), andf
from equation (4). A plot is given in figure 1 of p, ¢, and ¥
as a function of entropy for ritrogen gas.

VI. ACCUBACY AND RANGE OF THE EQUATIUN

The renge in whirh thes axperimertal gun expansion occurs extends
froa: states at about 50°C arnd high pressurea (400 atmospheres to 300C

L
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ABbemmmontn s

2¢zcspheraa) dowin (o states at iow temr--abures, -75°C to -1279C, end
low pressures (of about 100 atmospheres) “ii. Lsentropes S= -12
through S = <17 cal/mole®C for nitrcgen cover this range ( S is chosen
to be equal to gzero at 1 atmosphers and 0°C). Therefore, the constants

fer the semi-empirical squation were calculated for these entropy
values,

The averaze difference betwesn densities calculated from the semi-
empirical equatior (4) and those read from & plot of nitrogen isentropes®
is 0.25% down to 200 atmospheres. Between 20C atmospheres and 100
2tmospheres the deviation is greater, becoming 1% in some cases at 100
atmostheres., It is to be noted that in this low pressure region the
accuracy of the data is also less (about 1/2%), and the co-existence
region is beginning to influence the isemtropes.

Although the constants of the semi-empirical equation for nitrogen
were chosen to apply to regions below 50°C, the equation has been
employed successfully (1% deviation in deusity) at 125°C and 600C
atmospheres with these same constants. Thus, it is prohable that the
equation can be applied to higher pressure and temperature regions.

For the only isentrope examined which extended into a perfect
mas region, the semi-empirical equation seemed to apply. It fits
the nitrogen isentrope, S = -4 cal/mole°C, in the range of -125°C
and 1 atmosphere to +150°C and 3, atmospheres. The equation has been
applied with success to argon in the region of 0°C to 150°C and pres-
sures up to 2000 atmospheres.

It seeus likely that the semi-empirical equsation could be applied
to powder gas in ballistic problems with success.
VII, THERMODINAMIC RESULTS OF THE EQUATION

FProm the entropic equation of state, equation (i), should follow
all the thermodynamic quantities. Some of these sre listed below:

pE 2
PT( V-Ff) = 5 :_ 2) = PO entropic equation of state
U = 3 + (o 2/ 2e irternal energy equstion
2

H= g +fp + (8

—————————— gnthal ustion
_ 2) Py &

- em e wn e @ W e W W = W W W W W = R @ e w - e R @ M S = @ W W @ W™ W e

#These izentrmpes were taken from reference (c), vhere the thermo-

dynamis properties of nitrogen for pressures up to 6000 atrosphieires
betveen -125°C and +150°C are giver.
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a = -———é- N velocity of scund

T = plv-fE 4+ 4R [L 'np"’]f +

d df temperature oquati

4 a9 =0 peratuve equation

S RO, : :
where . and ara jons only of entropy, and V 1is
the sp?ciric vgh.me : /e, x= ¢pff? .

o sk B

I VIII. THE USE OF THE SEMI-EMPIRICAL EQUATION TO OBTAIN
THE DESCRIPTION OF THE EXPERIMENTAL GUN PERFORMANCE

If the semi-empirical equation is used, a relation dbetween pro-
Jectile velocity and travel can be obtained for an isentropic expansion
when there are no reflections which reach the projectile.

PA ~ _ | (8-2) — B- -
oE X = F-2)B-N (.__%)9_‘ %o+ |le)

Thus , the dimensionless projectile velccity U/cle can bs plotted
against the dimensionless projectile pcsition p.A’/./ M cif, to yield

curves for sach entropy of performance for the isentropic non-
reflection unopposed projectile case. These curves are shown as solid
lines in figure 2 for nitrogen zas.

R T AL SRR o b B e

If reflections reach the projectile, these curves of course are
altersd, By using the semi-empiricul equation and the numerical char-
acteristics method the dimensionless velocity can be obtained as a
function of dimensionless projectile position for a given G/M
(vhere G Js the mass of zas bshind the piston, M is the projectile
mass) and entropy. In fizure 2 these G/M lires are plotted

dashed to indicate the reflected cases.

It wvas found from tests made with the experimental nmn thet the
forces opposing the projectile could be conveniently and accurately
accounted for Ly the use in tha calculations of an "effective® pro-
jantile mass, M/(1—T)), in place of the actusl projectile mass, M,

(see references (a) and (d)). Thus, the curves of figure 2 can be

applied to the oppvesed projectile case (if everywhere the projectils

cass M is replaced by M/?l =T.) ) and are a complete desoription of -
tne experimental gun perfcrmanca.

Y P W P Wy
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> IX. APPLICATION OF THE SEMI-EMPIXRICA!. EQUATION TO
ACTUAL BALLISTIC CALCULATIONS

The semi-empirical equation can be as convenisntly applied to
ballistic calculations as the Noble-Abel or perfect ges equations.
The necessary gas constants for such calculation, and , should
bs obtained by fitting the seni-ompirical isentropic equation to the
powder gas pP-Q iseantropic data., If this data is unavailable,
and ¢ can be approximately found from the Zate ¢f %wo gun firings
made at different values of dimensionless length or velocity by the
use of the non-reflection isentropic theory, i.e., from equations (3)
and (6). (The application of the non-reflection isentropic theory to
gun firings haa been found to be a useful approximation, especially
to high velecity gun firings, See reference (s).)

- -—vv
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| LIST OF SYMBOLS .
| Q. - Velocity of sound

| A . - Cross-sectional area of projectile

| br;.?. - Co=volume in Abel thermal equation of state

- Entropy constant in semi-empirical entropic equation

R SIS L 15 st bR

- Entropy constant in internal energy and emthelpy equationa

- Mass of gas behind the projectile
- Enthalpy
- Mass of projectile

- a8 pressure
- Defined as AP,/ M

- Entropy of gas

- Time coordinate . -
- Gas temperature

- Gas velocity or projectile velocity
Internal energy of gas

- Spacific volume of gas

- Position coordinate

- Defined as ¢p‘/e

- Entropy constant in semi-empirical entropic equation

- Mean value of specific heat in Noble-Abel equation
- Defined as | — M/Mgpgtc-nvg (bee p.6)

2
- Defined as ¢/p(p—2.)

- Density of gas

L)
i 4t b W 3 NS T NGt i i 8 b 0 sl B it Wi 3000 ot e it bhes. Mo\ Tt

S nddi

- Riemann funct'on, defined on page 4

'e-q-ox,s.uvgx<c;g-{‘+m:o-choca—b

- Entropy constant in semi-empirical entropi'c equation 2

G adiig. 2 A e

The cubscripct "o" refars to initial conditions of the gas.
8
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Fig.1. Constants for nitrogen of the semi-erapirical
equation {@ in m/sec (atm)1/B, / in Amagat?,
B dimensionless:.
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